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Abstract

Levesque and Lakemeyer proposed a first-order epistemic logic called /L for the purpose of knowledge rep-
resentation and reasoning in knowledge-based systems. A characteristic feature of this logic is that it uses a
countably infinite set of so-called standard names, which are syntactically treated like constants, but which are
also assumed to comprise the fixed universe of discourse, under a substitutional interpretation of quantification.
So far, the only sound and complete proof system for KL is a Hilbert-style axiom system due to Levesque and
Lakemeyer. Tableau systems have been presented by Rosati for its propositional fragment, and recently by the
authors of this paper for its non-modal fragment. In this paper, we present a tableau system for the full first-order
version of KL, and show its soundness and completeness.
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1. Introduction

Levesque and Lakemeyer proposed a first-order modal logic of knowledge called KL [1, 2]. Among
other things, it is the basis for their logic of “only-knowing” called OL, which has been found useful to
capture various forms of non-monotonic reasoning [3, 4], and variants thereof have been developed that
deal with actions and change [5, 6], multi-agent systems [7, 8], limited belief [9, 10], probabilistic belief
[11, 12], and more. A characteristic feature of this family of logics is that they make use of a countably
infinite set of so-called standard names, which serve a dual purpose: On the one hand, they are part of
the language and can be used syntactically like constants; on the other hand, they are also assumed to
comprise the fixed universe of discourse, under a substitutional interpretation of quantification. As we
will see, this assumption not only significantly simplifies proofs for meta-theoretic properties such as
soundness and completeness, but it can also be exploited for the purpose of defining specific reasoning
techniques.

Due to not being compact, these logics over standard names cannot be reduced to classical first-order
logic under standard Tarskian semantics, and so it is somewhat surprising that so far there has been
little work on examining them from the perspective of proof theory. In their book [2], Levesque and
Lakemeyer present a sound and complete Hilbert-style axiom system for KL, which is not suited for
actual reasoning, but only discussed as an alternative characterization of its valid sentences. Rosati [13]
studied tableau systems for the propositional fragments of XL and OL, which can be viewed as variants
of the standard modal logic K45; to the best of our knowledge these were never extended to the full
first-order language. Also, the paper [14] gives a tableau system for K45, similar to the propositional
fragment of our system, but again, the system in [14] has not been extended to the full first-order
language.

Recently [15] we developed a tableau-based proof system for £, the non-modal fragment of K, and
showed its soundness and completeness. In this paper, we extend it to the full (first-order) version of KL,
again proving its soundness and completeness. For the latter, we adapt the notions of Hintikka sets and
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systematic tableaux. The completeness proof in the present paper is simpler and more straight-forward
than the proof in [15], even though the latter is only for the non-modal fragment.

The remainder of this paper is organized as follows. The following section introduces KL formally
and presents Levesque and Lakemeyer’s axiom system for it. In Section 3, we then provide our tableau
system for KL and show its soundness and completeness. The paper finishes with concluding remarks
in Section 4.

2. The Logic KC

In this section, we give a brief formal description of the logic KL and an associated axiom system, based
on the presentation in [2].

2.1. Syntax

In terms of syntax, KL is a first-order modal language of knowledge with a single modal operator K. It
furthermore includes functions, equality, and standard names. The latter can be used in the same way
as constant symbols, but have, as we will see, a fixed meaning. Formally:

Definition 2.1 (Vocabulary). Formulas are built from a set of symbols consisting of:

a countably infinite supply of variables, written as x, y, z;

a countably infinite supply of standard names #1,#2, ..., written schematically as n, m;
countably many predicate symbols P, (), R, . .. with associated arity k > 0;

countably many function symbols f, g, h, ... with associated arity k > 0;

equality = and logical connectives 3, V, —;
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modal operator K.

Definition 2.2 (Terms). The terms are the smallest set such that

1. every variable is a term;
2. every standard name is a term;
3. if f is a k-ary function symbol and ¢1, . . ., ¢ are terms, then f(¢1,..., 1) is a term.

A term without variables is a ground term, and a ground term with exactly one function symbol is a
primitive term.

Definition 2.3 (Formulas). The formulas are the smallest set such that

1. if Pisa k-ary predicate symbol and 1, . . . , j, are terms, then P(¢y, ..., tx) is an (atomic) formula;
2. if t1,ty are terms, then (t; = t2) is a formula;

3. if ¢, 1) are formulas, then so are =¢ and ¢ V 1;

4. if x is a variable and ¢ a formula, then Jdz¢ is a formula;

5. if ¢ is a formula, then so is K¢.

We treat ¢ A, ¢ D 1, ¢ = 1, and V¢ as the usual abbreviations. The notions of bound and free
variables as well as their scope are defined as usual. By ¢} we denote the result of simultaneously
replacing all free occurrences of variable = by term ¢. A sentence is a formula without free variables. A
ground atom is an atomic formula with no variables. A primitive atom is a ground atom where every ¢;
is a standard name. We call a sentence objective if it does not mention K, and subjective if all predicate
and function symbols occur within the scope of a K operator.



2.2. Semantics

KL employs a non-standard, model-theoretic semantics based on possible worlds as described below. In-
tuitively, a world is a valuation of the primitive atoms P(n1, ..., nx) and primitive terms f(nq,...,ng),
and an epistemic state is the set of worlds the agent considers possible. Since standard names are
assumed to be the (fixed) universe of discourse, any standard name n; is interpreted by itself. Using
this, we assign a meaning to any complex term and formula:

Definition 2.4 (Semantics). A world w is a mapping from primitive terms to standard names, and from
primitive atoms to truth values {0, 1}. The value of a ground term t at a world w, written as w(t), is

defined by

1. w(n) = n for every standard name n;
2. w(f(ty,....tx)) = w[f(ni,...,nk)|, where n; = w(t;).
Let W be the set of all worlds. An epistemic state e is a set of worlds, i.e., e C W. A semantic model is

then given by an epistemic state e and a (“real”) world w. The truth of a sentence ¢ wrt. e, w is defined
inductively as:

e,w = P(ty,...,t,) iff w[P(ni,...,n,)] = 1, where n; = w(t;);
e,w = (t1 = to) iff w(ty) is the same as w(t2);

e, w = -« iff it is not the case that e, w | «;
e,wEaVpiffe,w Eaore,w = f;

e, w = Jzra iff for some name n, e, w = o ;
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e, w = Ka iff for every w’ € ¢, e, w' = a.

We often write e |= o for subjective sentences o, and w |= ¢ for objective sentences ¢, since the truth
of the former does not depend on w, and the truth of the latter does not depend on e (both of these
intuitive claims are straightforward to prove by induction). A set of sentences I is called satisfiable just
in case there is some world w and epistemic state e such that e, w |= « for every o € I'. We say that
« is valid, written |= «, if for every e and w, e, w |= «. Finally, a set of sentences I logically entails a
sentence «, written I" = o, if I' U {—«'} is unsatisfiable.

The second clause for sentences above formalizes equality as a built-in predicate of XL with a fixed
meaning, namely identity over co-referring standard names. Furthermore, the fifth clause defines
quantification to be interpreted substitutionally: A quantified formula like VK P(z) is true in a model
e, w just in case all of KP(#1), KP(#2)....are true in it. The truth of a quantified sentence is hence
reduced to the truth of sentences of smaller size, and there is no need for using variable maps or the
like. As we will see, this principle allows for proving properties about sentences by a simple induction
over their structure, and is incorporated into our tableau system in a straightforward manner. The sixth
clause formalizes the idea that knowing a formula ov amounts to « being true in all worlds the agent
considers possible. Note that it is not required that the real world w is contained in e, i.e., the agent’s
belief may be incorrect. Also, e can be empty, corresponding to the case where the agent’s knowledge
is inconsistent.

2.3. Axiom System for KL

Levesque and Lakemeyer’s axiom system for KL is given in Figure 1. The six axioms listed under the
first item are the same as for £, the non-modal fragment of KZ, with an additional proviso for the
specialization axiom (Ax1.5) that instantiating the universally quantified variable x by a ground term ¢
does not introduce any function symbols in the scope of a K modality. To see why the latter is needed,
consider the formula Vz. KP(z) V K—P(x), expressing that for every individual, it is known whether
itis a P or not. This does not logically entail that KP(a) V K—P(a), because the denotation of the
constant a may differ from world to world. Intuitively, this corresponds to a situation where the agent
has complete knowledge about P for all individuals, but where the identity of the individual denoted



Axioms:
(Ax1) Axioms of L, with proviso on (Ax1.5):
(Ax1.1) a D (8 D «)
(Ax1.2) (a2 (827)) D (@2 f)D (D7)
(Ax1.3) (=82 ~a) D (=8 D) D B)
(Ax1.4) Vz(a D 8) D (a D V), provided that = does not occur freely in «
(Ax1.5) Vza D of, provided no function symbol is introduced in the scope of a K
(Ax1.6) (n =n) A (n # m) for any distinct n, m
(Ax2) Knowledge of axioms:
Ka, where « is an instance of an axiom from (Ax1);
(Ax3) Knowledge closed under Modus Ponens:
K(aD p) D (Ka D Kp);
(Ax4) Knowledge closed under universal generalization:

VeKa O KVza;

(Ax5) Complete knowledge of subjective truths:
(0 D Ko), where o is subjective.

Rules:
(MP) From a and a D (3, infer f3.

(UG) Fromay, ,...,aq ,infer Vza, provided the n; range over all names in « and at least one not in a.

Figure 1: Axiom System for KL [2].

by a is unknown, and hence it is unknown whether P applies to a or not. Axiom (Ax1.6) formalizes
equality as identity over standard names.

Moreover, axioms (Ax2)-(Ax5) formalize the notion that the K modality represents a fully introspec-
tive, logically omniscient agent. That is to say the agent knows what it knows, knows what it does not
know, and is aware of all the logical consequences of its knowledge. Here, the term “knowledge” is to
be understood in the wider sense and interchangeable with “belief”, i.e., what is known/believed may
or may not be true in the real, outside world. Consequently, K corresponds to a K45 modality in terms
of standard modal logic terminology:.

In addition to the standard Modus Ponens rule, Levesque and Lakemeyer’s system uses a Universal
Generalization inference rule that only requires finitely many instances. The idea here is that if we can
prove «; for every standard name 7, it can obviously be inferred that Vxa. Since standard names do
not have any inherent structure other than being distinct from one another, it is however enough to
have such a proof for every name occurring in «, plus a single proof for a name n that does not occur.
The latter can then serve as proof for any other unmentioned name n’, as all we would need to do is
substitute n’ for n. The same idea will be used by our tableau system to handle existential quantifiers.

Figures 2—4 show example proofs in the axiom system. The formula proven in Figure 2 says that as
long as the agent’s knowledge is consistent, it cannot know both a formula and its negation. In the
figure, a line labelled “£” means the corresponding formula can be derived purely by means of using
the six axioms for £, together with the derivation rules. If “KG” is given as justification, it means that
the formula is obtained by the admissible rule “from « infer Ka” [2, Theorem 4.4.4]. “MP” refers to
the Modus Ponens rule. Next, the formula derived in Figure 3 expresses the fact that the agent knows
all valid equalities over standard names. Here, “Ax” denotes an instance of an axiom, while “UG” is
the Universal Generalization rule. The proofs in Figures 2 and 3 were originally given in [2] and are
reproduced here for illustration purposes.

Now, axiom (Ax4) is usually called the Barcan formula and the converse implication is called the



1L D> (8Da) L
2. K(BD(-8Da)) KG
3. K8 D (K-8 D Ka) MP
4. =Ka D (K5 D -K-p) L

Figure 2: Axiomatic proof of not knowing a formula and its negation [2].

1 (#1=#1) > K(#1 = #1) Ax
2. (#1 =#2) D K(#1 = #2) Ax
3. Vy. (#1 =y) D K(#1 =y) UG
4. Vavy. (z =y) D K(z =vy) UG

Figure 3: Axiomatic proof of knowing equality of names [2].

1. K(Vza D af) (Ax2.5)
2. (KVza) D (Kab) MP from 1, (Ax3)
3. (KVza) D (Ka)); rewriting of 2
4. Vz. (KVza) O (Ka) UG from 3
5. (KVza) D (VzKa) MP from 4, (Ax1.4)

Figure 4: Axiomatic proof of the Converse Barcan formula. n ranges over all standard names occurring in «,
plus one name that does not occur in . Step 3 is justified by the fact that « does not occur freely in Vza.

Converse Barcan formula, see the account in Section 8.10 of the book [16]. The Barcan and Converse
Barcan formulas express interaction between quantifiers and modal operators, that is, quantifiers and
modal operators can be permuted in one way or the other. Semantically, the Barcan formula says that
the domain decreases (or stays the same), whereas the Converse Barcan formula says that the domain
increases (or stays the same). In KL, the domain is the same in any world, namely the set of standard
names, so both the Barcan and Converse Barcan formulas are valid in it, and in fact, the Barcan formula
is taken as an axiom. As shown in Figure 4, the Converse Barcan formula is provable, even without
using the Barcan formula.! The proof is quite simple, involving axioms (Ax2.5), (Ax3), and (Ax1.4)
but not (Ax4); note however that the part of the proof constituted by lines 1-3 is repeated once for
each standard name occurring in «, plus one new standard name. This has to do with the fact that
both the Barcan and Converse Barcan formulas are axiom schemes, with an instance for each possible
substitution of a. The proof in Figure 4, and in particular its size, depends on the instance in question,
so strictly speaking, we have not shown that the Converse Barcan scheme is derivable,” but we have
shown that any instance of the scheme is provable. Compare to the tableau proof of the Converse
Barcan formula in Figure 8 where it is the number of branches that depends on the instance in question.

Theorem 2.5 ([2]). The axiom system for KL is sound and complete.

We remark that, as a first-order logic, the set of valid sentences of XL is semi-decidable, but not
decidable. Hence, in a manner of speaking, a sound and complete proof system is the best we can hope
for (yielding a semi-decision procedure for validity), unless we consider restricted, decidable fragments.
The latter is beyond the scope of the current paper, and left for future work.

'A similar observation also applies to some axiom systems for standard first-order modal logic, see Sections 2.5 and 2.9 of the
handbook chapter [17].

*In fact, this cannot be hoped for since the number of premises of the rule (UG) also depends on the formula instance in
question.



k:=(o V) k:——¢ k:oV
V) ) (V)
k:=g, k:— k:¢ kE:oplk:
k: Jxa k:—Jxa
E (=3)
k:ab | | kol k:—af
k:o, k:(t=
(TCut) hEE=n (TSub)
kE:(t=n1)]--]k:(t=m kgt
k:o, k:—¢ k:=(t=t) k:(n=m)
) ) —— ()
k:Ka k: Ko
(K) (—K)
l: "~
Figure 5: Tableau rules for KZ. In rules (3) and (TCut), n1, ..., n; range over all standard names in the branch,

plus one extra. In rules (—3) and (#£), ¢ can be any ground term. In rule (TCut), ¢ can be any ground term
occurring on the branch. Rule (—3) is only applicable if no function symbol is introduced in the scope of a K.
In rule (TSub), ¢ is a formula that mentions ground term ¢, and ¢!, then means ¢ with every occurrence of ¢
simultaneously replaced by n. Rule (TSub) is only applicable if ¢ is a standard name, or ¢ does not occur in the
scope of a K in ¢. In rule (=), n and m are distinct names. In rule (K), [ is an index on the branch other than 0.
In rule (—K), [* is an index that is new on the branch.

3. Sentence Tableaux for K

Drawing inspiration from the axiom system for KL, and based on our earlier system [15] for the
non-modal fragment £, we devised a tableau proof system for K as described below and depicted in
Figure 5.

Definition 3.1 (Tableau System for KL). Every formula will be prefixed by a natural number £,
intuitively denoting the index of a possible world under consideration. The index 0 is used to denote
the “real” world, and any tableau for a given formula ¢ will start with a single node labelled 0 : ¢. The
rules for the system are depicted in Figure 5.

The first row in Figure 5 are the standard rules for Boolean connectives. The second row contains
rules for quantified formulas, where the one for existential quantification incorporates the same idea
used in the Universal Generalization inference rule, namely that a single additional standard name is
enough to serve as representative for all unmentioned names. For universal quantification, we have the
same proviso as for Axiom (Ax1.5), for the same reason as stated in the previous section.

The third row lists rules for handling terms that include functions, one for making a case distinction
over their possible values (again with the “trick” of using an extra name), and one for substituting a
term for its value. The substitution rule requires a variant of the aforementioned proviso again, in this
case to prevent a term mentioning a function inside the scope of a K being substituted by a value the
term has outside of K. The reason for this is similar as before: Having a formula such as k : KP(a)
means that it is believed that the individual denoted by a is a P, and having k : (a = n) means that a is
identical to n at world k. This does however not entail that a is identical to n in all worlds the agent
considers possible; on the contrary, different possible worlds might assign different values (names) to a,
meaning that a’s identity is unknown.

The fourth row lists the standard rule for closing a branch due to complementary formulas, a standard
rule for closing a branch with an inequality over the same term, and a non-standard rule for closing a
branch based on equality over distinct standard names.



The first four rows together correspond to prefixed versions of the rules for £ as described in [15].
The fifth row in Figure 5 contains new rules dealing with the K modality. The (K) rule is based on
the intuition that K represents a fully introspective agent, so believing o means o must hold in any
accessible world, but not necessarily the real world 0. Similarly, not believing o means that there has to
be one accessible world where « is false. As this world may or may not be one of the worlds already
mentioned on the branch, the (—K) rule hence introduces a new index. Note that this excludes world 0,
since 0 is present on every branch due to being used in the root node.

Our propositional tableau rules are similar to rules given in [13],> with the difference that (K) and
(—K) are not restricted to world 0, but are applicable to arbitrary worlds k. This restriction is valid in
[13] due to the fact that every propositional KL formula can be reduced to an equivalent one without
nested modalities [2, Theorem 4.6.1]. In general, this is however not the case for the full first-order
language [2, Theorem 4.6.2]. Note that since we do not (yet) consider the N and O modalities of OL,
we do not require an extra metalinguistic component to distinguish accessible from inaccessible worlds,
as done in [13]. Also, note that we do not use prefix sequences as in [18], the reason being that the
accessibility relation in a K45 logic is such that any world in the epistemic state e is accessible from any
other world in e.

Let us look at a few example proofs in our system. Figure 6 shows the tableau proof for the formula
proven axiomatically in Figure 2. While both proofs are relatively straightforward, the tableau proof is
perhaps better for illustrating why the ~Ko part is needed, namely for ensuring that at least one world
(here with index 1) is included in the epistemic state. Otherwise, note that K3 A K—p is satisfiable,
namely in cases where e = (). Accordingly, in our system it is not possible to close a branch solely from
formulas 0 : KB and 0 : K—4.

Figure 7 shows the tableau proof for the formula proven axiomatically in Figure 3. Observe the
similarity in how the (UG) and (3) rules, respectively, are applied twice. In both cases, one application
is to a formula/branch without standard names, and hence only requires one instance by means of
standard name #1. The second application then involves two standard names, namely #1 together
with #2 as new name.

Figure 8 shows a tableau proof for the Converse Barcan formula. Note that the proviso for (—3)
is satisfied for each instance since the variable z is only substituted by standard names. Due to the
analytic nature of the tableau system, the proof is arguably more straightforward compared to the
corresponding axiomatic one given in Figure 4.

Finally, Figure 9 presents an example proof with formulas that involve nested functions and quantify-
ing into modal operators. Notice how after branching over the possible values for the primitive term
f(#1) using the (TCut) rule in line 8, the left branch uses two applications of (TSub) do decompose
f(f(#1)) into smaller parts. The right branch illustrates that we do not need additional rules for
handling equality, such as a rule for inferring (¢t = s) from (s = t), but it is rather enough to decompose
terms into their parts, substitute, and close the branch based on equalities over the involved standard
names. As our proofs will show, this approach works in general for arbitrarily nested terms in all parts
of a formula, including equalities, so indeed our system is sound and complete for the full language.

3.1. Soundness

To prove soundness, we first define what it means to satisfy a set of prefixed formulas. As usual, we
identify a branch in a tableau with the set of prefixed formulas it contains.

Definition 3.2 (Satisfying a Branch). * Let B be a set of prefixed formulas. An epistemic state e and a
world w satisfy B, written e, w |= B, iff for every index i occurring in B there is a world w; such that
wo =w, w; € eforall j >0,andforallk: ¢ € B, e, w;, = ¢.

*Note, however, that we do not need the M-rule considered in that paper.

*Strictly speaking, we here define a function w(_y which for each index picks out a world satisfying a certain requirement,
and this requires the well-known Axiom of Choice. The function w(_) is convenient in our soundness proof, but we remark
that we could get along without this function, and hence the Axiom of Choice, by defining satisfaction of a branch differently,
somewhat along the lines of Definition 4 in the paper [13], page 182.



1. 0:=[-Ka> (Kf D -K-f)]

2. 0:-Ka (=), 1
3. 0: (KB > -K-p) (=Vv),1
4 1: -« (-K), 2
5 0:Kp (=Vv),3
6 0:K-p (=V), 3
7 1:8 (K)., 5
8 1:-p (K). 6
9 x (1),7.8

Figure 6: Tableau proof for not knowing a formula and its negation. Applications of the (——) rule are not shown.

1. 0:-VaVy. (z =y) DK(z=vy)
|
2. 0:=Vy. (#1 =y) D K(#1 =y) (3.1
/ \

3 0:-[(#1=#1) SK#L = #£1)] 0 -[(#1—42) SK#L = #2)] ()2
| |

4. 0: —K(#1 = #1) 0: (#1 = #2) (=Vv), 3
| |

5. 1:—(#1 = #1) « (-K), 4; (=), 4
|

6. * (#).5

Figure 7: Tableau proof for knowing the equality of names. Applications of the (——) rule are not shown and a
couple of insignificant formulas are omitted.

Theorem 3.3 (Soundness). The system given in Definition 3.1 is sound, i.e., if a KL sentence ¢ is satisfiable,
then every tableau with root 0 : ¢ has an open branch.

Proof. We prove by induction that the expansion rules preserve the property that when being applied
to a satisfiable branch, at least one of the resulting branches is satisfiable as well. Let B be a satisfiable
branch where e, w |= B. We consider each rule case-by-case. Clearly, none of the closure rules are
applicable in a satisfiable branch.

For the (—V) rule, let k : (¢ Vi) € B. Then e,wy | ¢ or e,w;, = . In the former case,
e,w = BU{k : ¢}, in the latter case, e,w = B U {k : ¢}. In either case, the claim follows. The rules
(—=) and (V) work similarly.



1. 0: -(KVza D VzKa)

2. 0: KVza (=V),1
3. 0: Jdz-Ka (=V), 1
4 0: ﬂKan/ e \0: -Kay, (3),3
5 1:=af, . 1:-ag, (-K), 4
6 1:Vza 1:Vza (K),2
8 * e * (1),5,7

Figure 8: Tableau proof for the converse Barcan formula. Applications of the (——) rule are not shown. ny, ..., ng

range over all standard names in a, plus one name not occurring in a.

For the (3) rule, let k : 3za € B. Then e, wy, = o for some name n. If n is one of the names
ni,...,ng, then by assumption e, w = B U {k : o }, and we are done. In case where n is not one of
the names ny, ..., ng, then n is not mentioned in B and n is distinct from the extra name (let’s call
it n’), and so let * be a bijection from standard names to standard names that swaps n with n’ and
leaves all other names unchanged. Similar as in the proof for Theorem 4.4.2 in [2] (with 3 instead of «
to avoid name confusion), let w* be the world such that w*[3] = w[3*] for every primitive formula
B, and w*[t] = w[t*] for every primitive term ¢, where 5* and t* denote the results of simultaneously
replacing every name by its mapping under * in 3 and ¢, respectively. Let e* = {w™* | w € e}. It follows
by induction that for any formula ¢ and any index j, it is the case that e*, w; = ¢iffe,w; = ¢*. Given
e, wy = of,and o, = (a?,)*, we then get e*, w} = aF,. Since B does not mention n’, B* = B. Hence
e*,w* = BU{k : o}, so the claim follows. The proof for the (TCut) rule works similarly.

For the (—3) rule, let k£ : =3za € B. Then e, wy, |= Vz—a. Let t be a term such that replacing = by
t in « does not introduce a function symbol in the scope of K. By Theorem 4.3.6 in [2], we get that
e,wi = —af, and soe,w = BU{k : —af}.

For the (TSub) rule, let k : ¢ € Band k : (t = n) € B, where t is a standard name, or ¢ does not
occur within the scope of K in ¢. Then e, wy, |= ¢ and wg(t) = n. It follows by induction on the
structure of ¢ that e, wy, = ¢, and so e,w = BU{k : ¢, }.

For the (K) rule, let k : Ko € B. Then e, wy, = Ka, ie., e = Ka. Since [ is an index occurring in
B, w; € e, hence e,w; = o, andso e,w = BU{l: a}.

For the (—K) rule, let & : “Ka € B. Then e, w; = —Ka, i.e,, e = =Ka. Hence there is w* € e
such that e, w* |= —a. If [* is an index not occurring in B, we get e, w = B U {I* : -a}. O

3.2. Completeness

Our completeness result is based on a variant of Hintikka sets and the construction of a systematic
tableau. In the following, by a literal we mean a sentence that is a predicate atom, a negated predicate
atom, an equality, or a negated equality. A literal is called primitive if it does not mention any function
symbols, and non-primitive if it is not primitive.
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11.

0: KP(#1)

0: KvVa(z = f(z))

0: ~IyKP(f(f(y)))
0: ~KP(f(f(#1))) (-3).3
1:=P(f(f(#1))) (-K), 4
1: P(#1) (K), 1
1:Va(z = f(z)) (K), 2

— ™~

L: f(#1) = #1 L: f(#1) = #2 (TCut), f(#1)
1:=P(f(#1)) L:#1 = f(#1) (TSub), 8,5; (—3),7
1:=P(#1) 1:#1 = #2 (TSub), 8,9
* * (L), 6,10; (=), 10

Figure 9: Tableau for {KP(#1), KVx(z = f(z)), -3yKP(f(f(y)))}.

Definition 3.4 (Hintikka Set). A set S of prefixed KL sentences is called a Hintikka set if it satisfies the
following conditions:

¥ XN ok W=

—_
e

11.
12.

S does not contain both a primitive atom k : P(ny,...,n;) and its negation k : =P(n1,...,n;).
S does not contain an inequality & : —=(n = n) for any standard names n.

S does not contain an equality & : (n = m) for any distinct names n, m.

If S contains k : =(¢ V 1), then it contains k : =¢ and k : —).

If S contains k : =—¢, then it contains k : ¢.

If S contains k : ¢ \V 1, then it contains k : ¢ or it contains k : 1.

If S contains k : 3z ¢, then it contains k : ¢} for some standard name n.

If S contains k : =3x¢, then it contains k : —¢], for all standard names n.

If S contains a literal k : ¢ that mentions a primitive term ¢, then S contains & : (¢ = n) for some
name n.

If S contains a literal k : ¢ that mentions a primitive term ¢ and S contains & : (¢t = n) for some
name n, then S contains ¢$L.

If S contains k : Ka, then it contains [ : « for all | > 0 appearing in S.

If S contains k : =K, then it contains [ : —« for some [ > 0.

We remark that the definition above corresponds to what is called an atomic Hintikka set by Letz
[19] and others, since only inconsistencies among or within literals are considered. Obviously, a set S
that contains both ¢ and —¢ for a non-literal formula is also unsatisfiable, which is why the (L) rule
allows to close corresponding branches. However, as we will see, for proving completeness, it suffices
to restrict our attention to literals and (in)equalities when closing branches in a tableau. For the sake
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of brevity, we will still just write “Hintikka set”, “closed branch” etc. instead of “atomic Hintikka set”,
“atomically closed branch” etc.

Note that the restriction to primitive terms is sufficient here, as non-primitive ground terms are
handled by unnesting them in a recursive fashion. For example, if a set S contains k : P(f(a)) and
k : f(a) = n, where a is a constant (and hence a primitive term), then by clause 9, S has to include
k : (a = m) for some name m, and by clause 10 also k : P(f(m)) and k : f(m) = n. Thus f(m)
is another primitive term occurring in a literal in S with prefix &, and so S has to include &k : P(n).
Similarly, arbitrarily nested terms in (in)equalities get subsequently decomposed and substituted by
standard names, reducing them to (in)equalities over standard names only.

Lemma 3.5 (Hintikka’s Lemma). Every Hintikka set is satisfiable.

Proof. Let S be a Hintikka set. We construct a model e, w as follows. For any index k£ > 0 appearing in
S, let wy, be a world such that

. wk[P(m,...,nl)]:1ifk:P(n1,...,nl)ES;
e wi[P(ni,...,m)]=0ifk:=P(ny,...,n) € S;
c wrl[f(ny,...,n)] =nifk: (f(n,...,n) =n) €8S.

Observe that wy, is well defined: By the first clause of Definition 3.4, there can be no primitive atom
P(nq,...,n;)and index k such thatboth k : P(nq,...,n;) € Sandk : =P(nq,...,n;) € S. Moreover,
there cannot be any primitive term f(ny,...,n;) and index k such that & : (f(n1,...,n)) =n) € S
and k : (f(n1,...,n;) =m) € S for two distinct standard names n and m. If this were the case, then
by the tenth clause of Definition 3.4, k : (n = m) € S, thus violating the third clause. Let e, w be so
that w = wp and e = {w; | | > 0 occurs in S}. We prove by induction on the structure of prefixed
formulas & : ¢ in S that e, wy, |= ¢.

« For the base case of ¢ being a primitive atom P(nq,...,n;), e, w; = ¢ immediately by assumption.
Similar for a negated primitive atom —¢.

« For the base case of ¢ being an equality (n = m) over standard names, by assumption n and m
are not distinct, and so clearly e, wy |= (n = m). Similarly, if ¢ is an inequality —(n = m) over
standard names, then by assumption, n and m must be distinct, and hence e, wy, = —(n = m).

« If ¢ is an atom P(t1,...,t;) that is not primitive, then it must contain some primitive term ¢, and
by the ninth clause of Definition 3.4, k : (¢ = n) € S for some name n, and so k : ¢!, € S by the
tenth clause. Note that ¢!, is structurally simpler than ¢, since it has one level of nesting removed
for at least one term. It follows by induction that e, wy = ¢!, and e, wy = (t = n), and hence
e, wy = ¢. Similar for negated atoms.

« If ¢ is an equality (f; = t2) or inequality —(¢; = t2) where at least one of ¢1, t2 is not a standard
name, the argument is exactly as in the previous item.

« The cases for the Boolean connectives follow immediately by induction.

« If ¢ is of the form Jxc, then by the seventh clause of Definition 3.4, k : o> € S for some name n.
By induction, e, wy, = o, and hence by the semantics, e, wy, = Jxa.

« If ¢ is of the form =3z, then by the eighth clause of Definition 3.4, k : =i’ € S for all names n.
By induction, e, wy |= -« for all such that n, and hence by the semantics, e, wy, = =Jza.

« If ¢ is of the form Ka, then by the eleventh clause of Definition 3.4, 1 : « € S foralll > 0
appearing in S. By induction, e, w; = « for all such indexes [, i.e., for every world w; € e. But
this means that e, wy, = Ka.

« If ¢ is of the form =Ka, then by the twelfth clause of Definition 3.4, [ : -« € S for some [ > 0.

By induction, e, w; = —a, ie., e, w; = « for some w; € e. In terms of the semantics, this means
that e, wy, = ~Ka.

Hence e, w |= S, and so S is satisfiable. O



In what follows, we need total orders over the set of standard names and the set of primitive terms.
For standard names, we can use the one where #1 is the first name, #2 the second, and so on. For the
primitive terms, we can use any term order.

The construction of the systematic tableau shown below is inspired by the one presented in [16],
in particular due to the fact that it works in stages. Intuitively, a stage corresponds to expanding all
nodes in a current tableau (if possible), before proceeding to the next stage. This corresponds to a
“breadth-first” expansion that might not be optimal in practice, but suffices for showing completeness.

We will use notation borrowed from [19], where B @ (k : ¢) means extending B and adding the
indexed formula (k : ¢),and B & [(k : ¢) | (I : ¢)] means splitting B into two branches, where (k : ¢)
is added to one of the obtained branches and ([ : ) is added to the other.

Definition 3.6 (Systematic Tableau Construction). We assume that every node in a tableau 7' is
optionally marked as “completed”. The systematic tableau sequence Ty, T1,Ts, ... for a sentence ¢ is
given by:

« The first tableau 7} is a one-node tableau with root formula (0 : ¢), not marked as completed.

« Given tableau 7; at stage ¢, if there are any open branches, the next tableau 7; at stage ¢ + 1 is
obtained as follows. Considering open branches from left to right, each branch B is processed
from top to bottom by considering every node on it. Processing each such node may add new
indexed formulas at the end, or even split the branch, but the formulas added in this way will
only be processed in the next stage, if any. For every node N at B, if its formula is not marked as
completed, we proceed by expanding B as stated below:

- B® (k:-¢)® (k: ), if the formula at N is k : (¢ V ¢);

- B® (k: ¢), if the formula at N is k : =—¢;

- B®[(k:¢)| (k: ), if the formulaat Nis k : (¢ V 9);

- Bo[(k:ap) | | (k:ag)]if the formula at N is k : 3z, ny,...,n_1 is the ordered
sequence of all standard names occurring in B, and n; is the least (wrt the name order)
standard name not occurring in B;

- B® (k: —ak), if the formula at N is k : =3z« and n is the least standard name such that
(k:—oq) € B

- B®lk:(t=mn1)|---|k:(t =mn),if the formula k : ¢ at N is a literal that mentions at
least one primitive term, ¢ is the smallest (wrt the term order) primitive term such that no
(t =n) is in B for any n, and where n1,...,n;_1 is the ordered sequence of all standard
names occurring in B, and n; is the least standard name not occurring in B;

-Ba(k:¢)®--- @ (k: qbf{]), if the formula &k : ¢ at N is a non-primitive literal and
(t1,m1), ..., (tj,n;) is the lexicographically ordered sequence of all pairs of primitive terms
t and names n such that ¢ occurs in ¢, k : (t = n) is on B, and k : ¢!, is not on B;

- B (li:a)®- & (lj : ), if the formula at N is k : Ka and [q, .. .,[; is the ordered
sequence of all indexes [ occurring in B such that [ > 0 and (I : o) & B;

- B® (I : —a),if the formula at N is k : =K, and [ > 0 is the smallest index not occurring
in B.

In addition, every application of a rule marks the node’s formula as completed, except in the case
of literals and -3z and Ko formulas. Afterwards, close every branch that can be closed.
o If T; has no open branches, it is the last tableau in the sequence.

Definition 3.7 (Saturated Systematic Tableau). Given a systematic tableau sequence Ty, 71, ... for
formula ¢, the saturated systematic tableau of ¢, denoted 1™, is the smallest tree containing all 7; as
initial segments. Note that 7™ is guaranteed to exist because our tableau system is non-destructive, i.e.,
if we obtain 7" by applying a rule to T, T is an initial segment of 7”. Furthermore, 7* is infinite just in
case the sequence is.

Proposition 3.8. If B is an open branch of a saturated systematic tableau T™, then the set of formulas it
contains is a Hintikka set.



Proof. Let B be an open branch in 7. Obviously, clauses 1-3 in Definition 3.4 apply, as otherwise B
would have been closed at some stage.

Hence assume k : ¢ is an indexed formula on B that is not a primitive literal. Let 7; be the tableau
of the stage where k : (¢ was introduced, and B; the subbranch of B at that stage. If one of the clauses
4-7 or 12 applies, the appropriate formulas are added to the branch in the next stage.

If clause 8 in Definition 3.4 applies, then ¢ is of the form —3x¢. It follows by induction on the natural
numbers that for any standard name n, if n is the j-th standard name wrt the name order, k : =¢7 is
added to the branch no later than stage i + j (note that a formula is only added if it does not occur
already). Hence B contains k : =¢} for every name n.

If clause 9 in Definition 3.4 applies, then ¢ is a literal mentioning at least one primitive term.
Consequently, there must be some primitive term ¢ in ¢ that is the smallest wrt the term order. If
B already contains some k : (¢ = n), we are done. Otherwise, the corresponding construction rule
guarantees the addition of some k : (t = n) in Tj4;.

If clause 10 in Definition 3.4 applies, then ¢ is a literal ¢ mentioning a primitive term ¢ so that
k : (t = n) € B for some name n. Let j be the stage where k : ¢ was introduced to B, or where
k : (t = n) was introduced to B, whichever happened later. Then by the construction above, k : ¢!, is
added to B at stage j + 1.

If clause 11 in Definition 3.4 applies, then ¢ is of the form Ka. Let [ > 0 be any index occurring in
B.Ifl: o is not already present in B;, let j > i be the earliest stage containing I. By construction, [ : «
is added to B in stage j 4+ 1. Hence B contains [ : « for every index [ > 0 occurring in B.

Therefore, the set of indexed formulas in B is a Hintikka set. O

Theorem 3.9 (Completeness). The system shown in Figure 5 is complete, i.e., if a sentence ¢ is unsatisfiable,
then there is a finite tableau for ¢ all of whose branches are closed.

Proof. Let T be a saturated systematic tableau for ¢. Then 7" must be closed: Suppose it is not, then
there is an open branch B, whose formulas by Proposition 3.8 form a Hintikka set. By Lemma 3.5, this
set would be satisfiable. Since the set includes 0 : ¢, this would mean that ¢ is satisfiable, contradicting
the assumption that this formula is unsatisfiable. Furthermore, T" being closed implies it being finite:
When closing a branch, it will not be extended anymore, so its length remains finite. Because every
node has only finitely many successors, the tree 7' is also finite by Kénig’s Lemma. O

4. Concluding Remarks

We have presented a tableau system for KL, Levesque and Lakemeyer’s first-order epistemic logic
over standard names, and showed its soundness and completeness. Our results here generalize our
previous work [15] on a tableau system for £, which is the fragment obtained from KL when leaving
out the modal operator K. Interestingly, the completeness proof we give in this paper turns out to be
simpler and less technical, one of the reasons being that the construction of the systematic tableau uses
a “breadth-first” approach similar as in [16], rather than expanding a single node at a time as in [19],
which requires some additional “bookkeeping”.

Given how we handle modal subformulas in our system, it clearly falls into the category of single-step,
prefixed tableaux [18, 16]. Ours is simpler in comparison since it does not require index sequences for
prefixes, but simple numeric labels suffice. The reason for this lies in the fact that XL is not based on
general Kripke structures with arbitrary accessibility relations, but uses sets of worlds to represent
epistemic states. Since every world in an epistemic state is accessible from any other world in it, the
index in front of subjective sentences like Ka and =Ko is actually irrelevant, and could hence even be
left out entirely (for the same reason we allow to write e = Ko instead of e, w = Ka). As mentioned
before, KL’s K operator behaves like the modality in the modal logic K45. The latter is part of a family
of logics that also includes KB4, KD45, and S5, all of which allow for a simplified set-based Kripke-style
semantics, and correspondingly simpler tableau systems as studied by Petrukhin and Zawidzki [14]. As



a matter of fact, when restricted to the propositional fragment of XL, our system coincides with the
one they provide for K45.

This leads to the question whether we can replace the K45 system by any of the KB4, KD45, and
S5 systems, such that sound and complete first-order logics are obtained? This would be of interest
not only from a theoretical, but also a more application-oriented point of view, since all four modal
logics are used to model knowledge and belief in knowledge representation. Moreover, the paper [14,
p- 130] remarks that “[in] the future we would like to investigate whether modal logics with simplified
semantics give rise to a class of sequent or hypersequent calculi which is uniform in any respect” As we
interpret this remark, the authors of that paper will investigate whether their strategy applied to K45,
KB4, KD45 and S5 can be generalized uniformly to a broader range of logics, perhaps involving other
formats of proof system. Of course, we would like to investigate whether such a broad range of logics
can be equipped with first-order machinery as we have done in the present paper. Along a different
line, adding hybrid-logical machinery is a well-known way to enable uniform proof systems, see [20],
this would be interesting to investigate, and also, we would like to investigate how (or if) hybridization
interacts with the strategy pursued in [14].

As a final remark, note that KL is not compact. Consequently, the tableau system only works for
finite inputs, which is arguably not a restriction in terms of practical applications, but actually simplifies
certain matters considerably. In particular, some texts [16] introduce the notions of local and global
assumptions when defining logical consequence. Here, a local assumption is a formula taken to hold
only at the possible world currently under consideration, while global assumptions hold everywhere.
Since in our case these sets need to be finite, the local assumptions can be identified with a sentence A,
and the global assumptions with a sentence . Answering the question whether a sentence « is entailed
by these assumptions then corresponds to checking whether A A K+ |= «, or equivalently whether
there is a closed tableau for {\, Kv, —a}.
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